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Abstract
This article addresses a problem in standard broadcast control framework which leads to an unstable solution in a certain
motion-coordination task. First, the unstable phenomenon in a certain motion-coordination task is illustrated using
standard broadcast control framework. This issue calls for modification to the standard broadcast control framework by
limiting the norm of the update vector of robots’ positions into a constant value. Then, we demonstrate that the modified
broadcast controller achieves the convergence with the probability of 1. Finally, we illustrate in numerical simulations that
the modified broadcast controller can effectively solve the instability issue and also may improve the convergence time as
compared to the standard broadcast controller.
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Introduction
Nowadays, multi-robot systems are of a great interest
among researchers, compared to individual systems. This
is because multi-robot systems can effectively carry out
more tasks. Previously, many researchers were focusing
on robot-to-robot communication framework to solve var-
ious multi-robot coordination problems. Instead of using
robot-to-robot communication framework, some research-
ers explored a new idea to solve multi-robot coordination
problems by considering one-to-all communication frame-
work or better known as broadcast control framework. The
example is illustrated in Figure 1. This one-to-all commu-
nication framework means that the same signal is sent
indiscriminatingly to all robots. The consideration of this
broadcast framework has been motivated by its advantages,
such as practical motion-coordination task for large-scale
multi-robot systems such as swarm robot that does not need
robots’ identification, and consuming minimal energy dur-
ing execution task execution. Readers may refer to Ismail
and Sariff1 for more examples of multi-robot applications.
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The idea of broadcast control framework was originally
inspired by Ueda et al.,2 where such framework had been
used to control a bio-inspired actuator system of many
cellular units. A number of results regarding the broadcast
control frameworks have been obtained.3–5 Aside from bio-
logical system, the idea of broadcast control was also
implemented in controlling a group of multi-agent sys-
tems6–14 and recently, to control connected and automated
vehicles at merging highway,15,16 unmanned aerial vehi-
cles,17 as well as radar surveillance system.18 In particular,
a standard broadcast control framework was synthesized in
Azuma and Sugie8 to solve certain motion-coordination
task for multi-agent systems, such as coverage problem.
This work was supported in detailed proof by Azuma
et al.9 The interesting problem encountered in the standard
broadcast control framework is in determining methodol-
ogy to perform any motion-coordination task by sending
the same signal to each agent indiscriminatingly. Here, they
came out with a novel solution by designing global and
local controllers as a feedback system. These global and
local controllers’ functions were, respectively, to generate
commands to the agents by calculating the cost function
and move the agents randomly and deterministically. Sev-
eral solutions to the problem in the standard broadcast con-
trol framework were obtained. In their study, Tanaka
et al.12 focused on designing time-varying gain embedded
in the local controllers for fast convergence. This work will
also enable us to easily tune the gain. As a digital camera is
commonly used as global controller’s sensor, Tanaka
et al.13 had modified the standard broadcast control frame-
work to cancel out the quantize effect caused by digital
camera. Besides that, Tanaka et al.14 had proposed to com-
bine the standard broadcast framework with one-to-one
agent communication known as mix environment. This
combination aims to overcome the limited communication
range and to reduce convergence time. However, their
results were validated for coverage8,13 and consensus tasks
only,12–14 and it was unsure whether the standard broadcast
control framework can work for other motion-coordination
tasks. In this study, we have simulated the standard broad-
cast control framework with some other motion-
coordination tasks and identified that it only works for
certain multi-robot coordination tasks. This is because in
some coordination tasks, the broadcast control framework
often encounters instability phenomenon. In this article, the
instability phenomenon means that the robots are moving
away from their preassigned target positions and never
converged to the target positions due to unacceptable
broadcasting input signal. For example, a group of robots
(each employing the standard broadcast controller) are
tasked to go to some target positions which are highly
contaminated. Due to the instability phenomenon, these
robots will move away from the target positions and prob-
ably will go to the place where the condition is unsuitable
for the robots and might cause a serious damage to them.
From this example, it is obvious that the instability phe-
nomenon is important to be addressed and solved.
To illustrate the cause of the instability issue, consider a
standard broadcast control system as shown in Figure 2,
which comprises robots, local controllers, and a global con-
troller. In the standard broadcast control framework,8,9 the
position of the robot is maneuvered by the local controller
that connotes the random and the deterministic input, alter-
nately. In particular, for iteration k ¼ 1; 2; :::; the input is a
random vector when k is even. When k is odd, it is a vector
comprising prespecified parameters, as shown in Figure 3.
Figure 1. One-to-all robot communication framework for multi-robot systems.
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Note that the random vector is generated by the local con-
troller itself, while the prespecified vector is uniquely
determined from the output sequence of the global control-
ler, corresponding to the assigned motion-coordination
task. This way the robot is expected to achieve the given
motion-coordination task as k !1. However, in some
coordination tasks, that is, role-assignment task (the coor-
dination task is represented as a cost function and we
denote it as JðxÞ in this article), there is a possibility that
the deterministic input becomes too large to execute and
numerically diverges as k !1. As a result, the local con-
troller steers the robot in an unstable manner and cannot
achieve the given motion-coordination task. The detailed
numerical example of this instability problem will be
shown in the second section.
In this article, we solved the instability problem by mod-
ifying the standard broadcast control framework which
consisted of global and local controllers. In our modified
broadcast control framework, a new local controller is
derived so that it can limit the amount of the deterministic
input in updating the robots’ position. Note that the deriva-
tion is based on simultaneous perturbation stochastic
approximation (SPSA) with norm-limited update vector
algorithm adopted from Tanaka et al.19 The algorithm was
adopted because of the practicality in solving various
model-free optimization problems.19–21 From this fact,
we believe that the same idea can be applied to solve the
instability problem in the standard broadcast control frame-
work. On the other hand, we proved that the modified
broadcast controller asymptotically had achieved the task
with a probability of 1. Besides that, the numerical simula-
tion also showed that the modified broadcast control can
effectively handle the given task. In addition, it is expected
that our proposed broadcast control framework may also
reduce the convergence time in performing the motion-
coordination tasks.
Our contributions are summarized as follows:
(1) Modified an existing broadcast control framework
(referred as standard broadcast control framework)
based on SPSA with norm-limited update vector
algorithm to overcome the instability problem of
the existing broadcast control framework in sol-
ving some of the motion-coordination tasks (e.g.
role-assignment tasks). By solving the instability
problem, we believe that a large class of motion-
coordination tasks can be catered by the broadcast
control framework such as containment,22 flock-
ing,23 and formation24 control.
(2) Proved that the modified broadcast controller can
achieve the motion-coordination task with a prob-
ability of 1.
(3) Generated simulation results showing our modi-
fied broadcast controller also may have faster con-
vergence time as compared to the standard
broadcast controller while being competitive with
another existing broadcast control framework.
Notation: Let R, Rþ, Z, and Z0þ be the set of real
numbers, set of positive real numbers, set of inte-
gers, and set of nonnegative integers, respectively.
For the vector x, jjxjj is defined as the Euclidean
norm. When other kind of norm is used, then the
norm is denoted as jjxjjp for the p-norm. Next, we
use x1 to denote a non-zero value or elementwise
inverse of the element. For the differentiable
function J : Rn ! R, that is, @J ð jÞðxÞ=@xð jÞ1
h
@J ð jÞðxÞ=@xð jÞ2 . . . @J ð jÞðxÞ=@x
ð jÞ
N  2 Rn, it is
expressed by rJ ð jÞðxÞ for j ¼ 1; 2; :::;N and _zðkÞ
is denoted as the differential equation of dzðkÞ=dk.
On the other hand, we denote g : Rn ! Rn as a
saturation function, that is, gðqÞ :¼ sign q1ð Þmin½
jq1j; eð Þ sign q2ð Þmin jq2j; eð Þ . . . sign qnð Þmin jqnj; eð ÞT
where sign qnð Þ is the signum function of the ele-
ment qi 2 R. Here, qi is the ith element of q 2 Rn
and min jqnj; eð Þ is the minimum value between jqnj
and positive integer e 2 Rþ. The Kronecker prod-
uct of matrix A and B is denoted as A B. Finally,
Figure 2. Standard broadcast control framework.
Figure 3. Motion of robots by standard broadcast control
framework.
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we denote PrðaÞ and EðbÞ as the probability and
expectation of event a and random variable b.
Broadcast control framework
This section briefly explains the standard broadcast control
framework. Then, an example of unstable solution using
the standard broadcast control is illustrated.
Standard broadcast control framework
Based on standard broadcast control system P in
Figure 2, the state of the robot (e.g. discrete time model
of an omnidirectional mobile robot) Siði ¼ 1; 2; . . . ;NÞ
is given by
Si : xiðk þ 1Þ ¼ xiðkÞ þ uiðkÞ ð1Þ
where k 2 Z0þ is the iteration, xiðkÞ 2 Rn is the n-dimen-
sional space position of the robot, and uiðkÞ 2 Rn is the
input of the robot. The collective position of the robots
xðkÞ 2 RnN and the initial position xð0Þ 2 RnN are denoted
as xðkÞ :¼ x1ðkÞT x2ðkÞT . . . xN ðkÞT
 T
and xð0Þ :¼
x1ð0ÞT x2ð0ÞT . . . xN ð0ÞT
 T
, respectively.
The local controllers Lið1; 2; . . . ;NÞ embedded in each
of the following robots are described as
Li :
xiðk þ 1Þ ¼  k; xiðkÞ; yðkÞð Þ
uiðkÞ ¼  k; xiðkÞ; yðkÞð Þ

ð2Þ
where xiði ¼ 1; 2; . . . ;NÞ 2 R2nþ1 are the temporary
memorizing variables, yðkÞ 2 R and uiðkÞ 2 Rn are,
respectively, the input and output of the local controller,
and  : Z0þ  R2nþ1  R! R2nþ1 and  : Z0þ  R2nþ1
R! Rn are functions given by







775 if k is even




 k; xiðkÞ; yðkÞð Þ :¼









A if k is odd
8><
>>: ð4Þ
where biðkÞ 2 Rn is a Bernoulli distributed random vector,
cðkÞ and aðkÞ are gains sequence, the components of xiðkÞ









and DJ ¼ yðkÞ  xi3ðkÞ ¼ J xðkÞ þ cðkÞbiðkÞð Þ  J xðkÞð Þ.
The global controller G is given by
G : yðkÞ ¼ f J xðkÞð Þð Þ ð5Þ
where J xðkÞð Þ 2 R0þ and yðkÞ 2 R are the input and output
of the global controller, respectively, and J : RnN !
0 [ Rþ and f : R0þ ! R are functions. Note that the func-
tion f is introduced so that we have sufficient flexibility in
designing the broadcast controller. On the other hand, func-
tion J is an objective function that corresponds to the given
motion-coordination task. Then, we can indicate that this




J xðkÞð Þ ¼ min
x2RnN
JðxÞ
for every initial positions of the robots xð0Þ 2 RnN .
Unstable solution using standard broadcast control
framework
In demonstrating the instable phenomenon in the standard












k xi  pj k
 !1
ð6Þ
where pjð j ¼ 1; 2; . . . ;NÞ 2 Rn is the target position and
l 2 R is an approximate accuracy. Note that the overlap-





j¼iþ1 k xi  pj k
 1
, is added so that the
robots do not converge to the same place. The parameters
of the standard broadcast controller (equations (1) to (5))
are tabulated in Table 1. Note that the design of gains aðkÞ
and cðkÞ in Table 1 follows the similar way as in Azuma
et al.9 and the detailed explanation on how we choose the
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parameters of these two gains will be described in the
fourth section. From Figure 4, it can be seen that the evolu-
tion of the role-assignment task diverges from x where x
is the optimal solution. Recall that this divergence or
instability phenomenon occurred due to the deterministic
input in the second condition of equation (4), where it
becomes too large to execute as k !1.
This example proved that the standard broadcast control
framework does not always resolve the motion-
coordination task issue. Hence, it encouraged us to adopt
a modified version of broadcast control framework.
Modified broadcast controller
In order to solve the instability phenomenon above, we
propose a modified broadcast controller. In particular, the
function  in the local controller is modified as
 k; xiðkÞ; yðkÞð Þ :¼
cðkÞbiðkÞ if k is even
xi2ðkÞ  g d k; xiðkÞ; yðkÞð Þð Þ if k is odd

ð7Þ
where g : Rn ! Rn is a saturation function and the update
vector d k; xiðkÞ; yðkÞð Þ is described as







Meanwhile, the function and the global controller are set
similar to the standard broadcast controller in equations (3)
and (5), respectively. Next, the convergence result of our
proposed modified broadcast controller in equations (1),
(3), (5), and (7) is shown.
Theorem 1. For the modified broadcast control system P,
suppose that ðL1; L2; . . . ; LN ;GÞ are given by equations (3),
(5), and (7). Should the saturation function g and objective




where x 2 Rn is the solution to xðkÞ subject to the follow-
ing conditions:
C1: For almost of xðkÞ (at each k  K for some
K <1) and some !0, J is assumed to have twice
continuously differentiable, rJ ð2ÞðxÞ bounded by
!0 for all x.
C2: k xðkÞ k<1 for all k 2 Z0þ.
C3: x is an asymptotically stable solution of the
differential equation _zðkÞ ¼ rJ zðkÞð Þ where
zðkÞ 2 RnN and the stability is in the Lyapunov sense.
C4: aðkÞ ¼ aðk þ 1Þ > 0, cðkÞ ¼ cðk þ 1Þ > 0 for all
k 2 f0; 2; 4; . . .g, limk!1aðkÞ ¼ 0,
P1
k¼0aðkÞ ¼
1, limk!1cðkÞ ¼ 0,
P1
k¼0cðkÞ ¼ 1, andP1
k¼0 aðkÞ=cðkÞð Þ
2 <1.
C5: bijðkÞði ¼ 1; 2; . . . ;NÞð j ¼ 1; 2; . . . ; nÞ are i.i.d.
random numbers drawn from the Bernoulli
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¼ 0:5
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>>>:
c0 ¼ 6; cp ¼ 0:86
l 1 1030














Figure 4. Evolution of the cost function for role-assignment task
using standard broadcast control framework.
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distribution with outcome +1 and have equal
probabilities given by
Pr bijðkÞ ¼ 1
 
¼ 0:5





where bijðkÞ is the Jth element of bijðkÞ. Note that the bijðkÞ
is independent from xðkÞðk ¼ 0; 1; 2; . . .Þ and symmetri-
cally distributed close to zero with jbijðkÞj <1,
jb1ij ðkÞj <1, and jb2ij ðkÞj <1. This condition is iden-
tical to the convergence condition for SPSA algorithm in
Spall26 where the design of this broadcast controller is
inspired from.
Proof. The following facts prove the theorem.
(i) For all k 2 Z0þ, the relation from equations (1),
(2), (3), (5), (7), and (8) can be written as
xið2k þ 1Þ ¼ xið2kÞ þ uið2kÞ
¼ xið2kÞ þ  2k; xið2kÞ; yð2kÞð Þ
¼ xið2kÞ þ cð2kÞbið2kÞ
ð10Þ
xið2k þ 2Þ ¼ xið2k þ 1Þ þ uið2k þ 1Þ
¼ xið2k þ 1Þ þ  ð2k þ 1Þ; xið2k þ 1Þ; yð2k þ 1Þð Þ
¼ xið2k þ 1Þ  xi2ð2k þ 1Þ
 g d ð2k þ 1Þ; xið2k þ 1Þ; yð2k1Þð Þð Þ
ð11Þ
xið2k þ 2Þ ¼ xið2k þ 1Þ  xi2ð2k þ 1Þ
â DJ
cð2k þ 1Þ x
ð1Þ






âð2kÞ ¼ âð2k þ 1Þ :¼
e
cð2k þ 1Þ
jDJ j if jDJ j >
cð2k þ 1Þe
að2k þ 1Þ




If k is even, the position of the robot in equation (1) is
updated with random movement cð2kÞbið2kÞ as shown in
equation (10). Then, the resulted position from equation
(10) is updated with deterministic movement
xi2ð2k þ 1Þ  gðÞ if k is odd as appears in equation
(11). From the definition of the saturation function gðÞ
in equations (7) and (8), we can obtain equation (12) where
the design of gain â (the same gain is used if k is even and
odd) is given in equation (13). The value of gain â obtained
from equation (13) determines how far the robot will per-
form the deterministic movement. The detailed derivation
of gain â is described in the following paragraph.
Note that equation (12) corresponds to a general sto-
chastic approximation algorithm in Appendix 1. From the
convergence conditions of the modified broadcast control-
ler algorithm, it is obvious that C2–C5 imply D1–D4 in
Appendix 1. On the other hand, âð2k þ 1Þ in equation (13)
is a nontrivial fact that must be proven to show that it
satisfies the condition in C4.
(ii) Conditions from C1, C2, and C4 imply C40
âðkÞ ¼ âðk þ 1Þ > 0, cðkÞ ¼ cðk þ 1Þ > 0 for all








(iii) From equations (7) and (8) and g notation in the
first section 1
g d ð2k þ 1Þ; xið2k þ 1Þ; yð2k þ 1Þð Þð Þ
¼ min jd ð2k þ 1Þ; xið2k þ 1Þ; yð2k þ 1Þð Þj; eð Þ
sgn d ð2k þ 1Þ; xið2k þ 1Þ; yð2k þ 1Þð Þð Þ
since að2k þ 1Þ DJ
cð2kþ1Þ
xð1Þi1 ð2k þ 1Þ
 
> e is equivalent
to
esgn DJxð1Þi1 ð2k þ 1Þ
 
ð14Þ
and since the parameter that we want to control is DJ , thus
g d ð2k þ 1Þ; xið2k þ 1Þ; yð2k þ 1Þð Þð Þ
¼
esgn DJxð1Þi1 ð2k þ 1Þ
 
if jDJ j > e cð2k þ 1Þ
að2k þ 1Þ
að2k þ 1Þ DJ
cð2k þ 1Þ x
ð1Þ








where e 2 Rþ is a predefined positive integer. The next
step is to reconstruct equation (14) so that it follows the
standard SPSA algorithm as shown in equation (8). From
signum properties
esgn DJxð1Þi1 ð2k þ 1Þ
 
¼ e cð2k þ 1Þ
cð2k þ 1Þ
jDJ j
jDJ j sgn DJx
ð1Þ
i1 ð2k þ 1Þ
 
¼ e cð2k þ 1ÞjDJ j
DJ
cð2k þ 1Þ x
ð1Þ
i1 ð2k þ 1Þ
ð16Þ
So, equation (16) shows that it satisfies equations (11)
and (12) that we have equation (13).
(iv) The detailed proof of fact (ii) is shown here. For
the first condition, since 0 < âðkÞ < aðkÞ for all
k 2 Z0þ holds from equation (13) and C4, it fol-
lows a straightforward proof from Tanaka et al.19
which shows that our first condition of C40 holds.
Now, we prove the second condition of C40, that is,
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P1
k¼0âðkÞ ¼ 1 w.p.1. For every k 2 Z0þ, condi-
tions C1 and C2 imply that there exist d0 > 0
satisfying
k rJ ð1Þ xð2kÞð Þk1 	 d0 ð17Þ
By applying Taylor’s theorem (e.g. Appendix I in
Azuma et al.,27), C1, C5, and equation (17)










Substituting equation (18) into equation (13)
cð2kÞe



















Finally, from equations (13) and (18), e > 0, n > 0,




















which verify the proof.
Here we provide comments on conditions C1–C5. The
twice differentiability, that is, rJ ð2ÞðxÞ, in C1 means that
the resulting J is sufficiently smooth and it is required to
obtain equation (3A) in Appendix 1 by Taylor’s theorem.
The easiest way to satisfy this condition is to ensure that the
order of J is at least quadratic. In C2, the condition is
required to obtain Taylor’s theorem in equation (18). In
C3, the condition is required to guarantee that if xðkÞ does
not comply with this condition, the local minimum of
rJ zðkÞð Þ (i.e. rJ xðkÞð Þ) would still exist. That is because
the gradient system and broadcast control system are dif-
ferent. So, even if the gradient system is stable, xðkÞ would
not necessarily converge to the solution. A sufficient con-
dition for x to be asymptotically stable solution is that the
Hessian matrix of JðxÞ must be nonsingular at each x satis-
fying rJðxÞ ¼ 0. In summary, this condition is just a con-
dition for gradient system correlated with the broadcast
control. Condition C4 is imposed for users to design the
gains a and c. More details are discussed in the fourth
section, where by following the typical design would easily
satisfy this condition. Finally, condition in C5 is provided
to specify the random variables bij which can be easily
achieved.
Before explaining the simulation results, we summarize
the modified broadcast control in Algorithm 1.
Numerical simulation
Consider the broadcast control system P in Figure 2, for
N :¼ 6, n :¼ 2, l :¼ 1 1030, and e :¼ 0:5. The cost
function considered in this simulation is role-assignment
task given in equation (6) where this choice of cost function
is assumed to satisfy C1. For the broadcast controller
ðL1; L2; . . . ; LN ;GÞ, we employed the modified broadcast
controller given by equations (2), (3), (7), and (8) which
was proven to approximately achieve the convergence
w.p.1 subject to C1–C5. Note that there is a difference
between the local controllers utilized in the standard broad-
cast controller (i.e. equations (3) and (4)) and the modified
broadcast controller (i.e. equations (3), (7), and (8)). This is
because the local controller in the standard broadcast con-
troller triggered the instability and resulted in different
local controller being utilized in the modified broadcast
controller. For this simulation, the gains aðkÞ and cðkÞ
embedded in the local controllers are set to be the same
as in Table 1 where these gains were arbitrarily chosen to
satisfy the condition in C4. Note that the general guidelines
to design the gains aðkÞ and cðkÞ can be found in Sections
7.5.1 and 7.5.2 of Spall.28 For the value of e, we referred to
the example given in Tanaka et al.19 and adjusted this value
according to the size of the deterministic movement taken
by the robots that the user want, that is, the larger the value
of e, the larger the deterministic movement of the robots.
Algorithm 1. Modified broadcast controller.
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Figure 5 shows the snapshots of the initial positions of
the robots xið0Þði ¼ 1; 2; . . . ;NÞ and the target positions of
the robots pjð j ¼ 1; 2; . . . ;NÞ. The values of these initial
and target positions are set to be the same as in Table 1. The
circles in gray denoted the robots numbered as x1ð0Þ until
x6ð0Þ counted from the right-hand side and the small
squares are the target positions. On the other hand, Figure 6
shows the positions of the robots xiðkÞði ¼ 1; 2; . . . ;NÞ at
different iteration k ¼ ð0; 500; . . . ; 2000Þwhen performing
the role-assignment task using the modified broadcast con-
troller. Note that the desired position for the robots to per-
form the assignment task is unknown (i.e. it is not
necessary for robot 1 to converge to target position 1, for
robot 2 to converge to target position 2, etc.) and the robots
are required to cooperate with each other to determine their
ideal target positions.
Figure 7 provides the evolution of the cost function from
Figure 6 to perform the role-assignment task with the mod-
ified broadcast controller. The evolution is also compared
with the standard and constant-distance random move-
ment12 (CDRM) broadcast controllers to analyze the
performance of our modified broadcast controller in
Figure 6. Positions of robots at different iteration k when per-
forming role-assignment task: (a) k ¼ 500, (b) k ¼ 1000, (c)
k ¼ 1500, and (d) k ¼ 2000.





















Figure 7. Evolution of the cost function for role-assignment task.
Figure 5. Snapshot of (a) initial position and (b) target position.
Table 2. Experiment on different gain parameters for role-
assignment task.
Gain parameters
































CDRM: constant-distance random movement.
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performing the role-assignment task. From the figure, the
robots with modified broadcast controller begin to con-
verge into the assigned positions at about k ¼ 400. Mean-
while, the standard and CDRM broadcast controllers
diverge toward the infinite value of J xðkÞð Þ even at the
beginning of the iteration. We also have tuned the gain
parameters of these three broadcast controllers for some
values as tabulated in Table 2, but the evolution is still
showing the same, that is, the modified broadcast controller
is converging while the standard and CDRM broadcast
controllers are diverging. Note that the CDRM broadcast
controller only limits the random movement of the robots
and not the deterministic movement. Because of this fact,
the CDRM broadcast controller also diverges toward the
infinite value of J xðkÞð Þ.
In order to demonstrate the usefulness of our modified
broadcast controller in handling various classes of motion-
coordination tasks, we also employed it to a motion-
coordination task that has been successfully solved using
the standard and CDRM broadcast controllers. Consider a
consensus task13 given by
JðxÞ ¼ ðxi  piÞTðxi  piÞ ð21Þ
This cost function is different from the role-assignment
task where the robots are assigned with their corresponding
target positions. For example, robot x1 is required to go to
target position p1, robot x2 is required to go to target posi-
tion p2, and so on. Readers may refer to Cao et al.,
29
Wasiela et al.,30 and Huang et al.,31 for other examples of
consensus task. Note that we used the same parameter
values as in Table 1 for this task except aðkÞ, cðkÞ, and
e. For the gains aðkÞ and cðkÞ, we set the parameters
a0 ¼ 2:2, av ¼ 450, ap ¼ 0:95, c0 ¼ 0:26, and cp ¼ 0:16
while the value of e is set to be e :¼ 1. Figure 8 shows the
position of the robots xiðkÞði ¼ 1; 2; . . . ;NÞ at iteration
k ¼ ð0; 500; . . . ; 2000Þ.
Figure 9 shows the performance index of the modified
broadcast controller in performing the consensus task.
Since the standard and CDRM broadcast controllers can
also perform this consensus task, we also include the evo-
lution of the cost function of these two broadcast control-
lers so that we can compare the convergence time between
all broadcast controllers. In this regard, we define the con-
vergence time as the required number of iterations for the
objective function J xðkÞð Þ to achieve its minimum value
and we choose the minimum value to be J xðkÞð Þ 	 5. From
Figure 9, we observe that the modified broadcast controller
converges faster (converges at around k ¼ 1093) as com-
pared to the standard broadcast controller (converges at
around k ¼ 1465) but it shows a slower convergence com-
pared to the CDRM broadcast controller (which converges
at around k ¼ 858).
In order to fairly compare the convergence time in per-
forming the consensus task, we run the simulation for 10
times for each broadcast controller and tabulated the results
in Table 3. From the table, in particular the average values, it
Figure 8. Positions of robots at different iteration k when per-
forming consensus task: (a) k ¼ 500, (b) k ¼ 1000, (c) k ¼ 1500,
and (d) k ¼ 2000.
















Figure 9. Evolution of the cost function for consensus task.
Table 3. Convergence time for modified, standard, and CDRM
broadcast controllers.
Standard Modified CDRM
Minimum 800 886 790
Maximum 1902 1058 1110
Average 1390.7 945.7 934.6
Standard deviation 357.5 63.3 98.0
CDRM: constant-distance random movement.
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is obvious that the modified broadcast controller signifi-
cantly improves the convergence time approximately 32%
compared to the standard broadcast controller while being
competitive when compared to the CDRM broadcast con-
troller. On the other hand, the standard deviation shows that
the convergence time for the modified broadcast controller
does not varies much from the average in contrast with stan-
dard and CDRM broadcast controllers. This convergence
time improvement is due to the limit we set for the norm of
the update vector of robots’ positions (in this simulation, the
parameter is e). Consecutively, we can confirm the effective-
ness of our modified broadcast controller in handling the
motion-coordination task in terms of the instability and also
has the possibility to reduce convergence time.
Conclusion
This article has addressed the issue of unstable solution in
the standard broadcast control framework to solve certain
motion-coordination tasks. Briefly, the standard broadcast
control framework was modified, that is, limiting the norm
of the update vector of robots’ position. As a theoretical
result, the proposed modified broadcast controller was pro-
ven to approximately achieve the convergence w.p.1.
Finally, simulation results were provided to illustrate the
effectiveness of our modified broadcast controller in sol-
ving the instability issue and the possibility to reduce con-
vergence time. As for future work, collision avoidance
should be included into the broadcast controller so that
we can prevent damage to the robots. In addition, experi-
ments based on real robotic systems should also be consid-
ered to validate the performance of the modified broadcast
controller.
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Appendix 1
A general stochastic approximation algorithm, that is, Rob-
bins–Monro algorithm, is given by
zðt þ 1Þ ¼ zðtÞ  aðtÞ F zðtÞð Þ þ sðtÞ þ eðtÞð Þ ð1AÞ
where t 2 Z0þ is discrete time, zðtÞ 2 Rd is the state,
aðtÞ 2 Rþ is the time-varying gain, F : Rd ! Rd is a func-
tion that needs to be minimized, and sðtÞ as well as
eðtÞ 2 Rd are random variables. For detailed conver-
gence analysis of this algorithm, refer to Kushner and
Clark.32
Considering the algorithm in equation (1A), the solution
for z 2 Rd and min F zðtÞð Þ can be obtained if the follow-
ing conditions are satisfied.
D1: There exist a compact set S 
 Rd where this set is the
stability region for _zðtÞ ¼ F zðtÞð Þ. The _zðtÞ ¼ F zðtÞð Þ
with zð0Þ results in zð1Þ ¼ z such that zðtÞ 2 S occurs
infinitely often for every zð0Þ 2 S and almost all sample
points.
D2: limt!1aðtÞ ¼ 0 and
P1
t¼0aðtÞ ¼ 1.
D3: supt2Z0þ k zðtÞ k<1 w.p.1 for every zð0Þ 2 S.











From equation (12) and C40
xið2k þ 2Þ
¼ xið2k þ 1Þ  xi2ð2k þ 1Þ
âð2k þ 1Þ DJ
cð2k þ 1Þ x
ð1Þ





¼ xið2kÞ  âð2kÞ








¼ xið2kÞ  âð2kÞd 2k; xið2kÞ; yð2kÞð Þ
ð2AÞ
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and by applying Taylor’s theorem to DJ (note the dif-
ference between DJ and rJ) and taking similar way as in
Ji et al.25 and Spall26 resulted in
E d 2k; xið2kÞ; yð2kÞjxið2kÞð Þð Þ
¼ rJ xð2kÞð Þ þ O cð2kÞð Þ cð2kÞ ! 0ð Þ
ð3AÞ
This means
E xið2k þ 2Þjxið2kÞð Þ  xið2kÞ  âð2kÞrJ xð2kÞð Þ ð4AÞ
The form in equation (4A) can be transformed into
xið2k þ 2Þ ¼ xið2kÞ  âð2kÞ½rJðxð2kÞÞ
Eðdð2k; xið2kÞÞ; yð2kÞjxð2kÞÞ þ O cð2kÞð Þ
ð5AÞ
where xið2k þ 2Þ, xið2kÞ, âð2kÞ,rJðxið2kÞÞ,rJðxið2kÞÞ
Eðdð2k; xið2kÞÞ; yð2kÞjxð2kÞÞ, and Oðcð2kÞÞ correspond to
zðt þ 1Þ, zðtÞ, aðtÞ, FðzðtÞÞ, sðtÞ, and eðtÞ, respectively, in
equation (1A).
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